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Abstract
Consolidation is encountered in various areas of soil mechanics. The phenomenon
needs to be analyzed for instance in the design of footings, pile foundations, and em-
bankments. The development of finite element methods has lead to the advancement
of the solution of consolidation, especially when dealing with complex geometry and
boundary conditions. This thesis proposes a finite element formulation based on the
displacement-pressure (u/p) interpolation because u/p formulations are known to give
optimal approximations in analysis of almost incompressible media. We use a 9/4-c
element for its proven stability. Both the linear elastic and elasto-plastic response
of soil behaviour are analyzed. To predict the plastic response, the Drucker-Prager
and Mohr-Coulomb models are used. Our tests show that this finite element formu-
lation is robust and effective and thus provides valuable approaches to solve general
consolidation problems.
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Chapter 1
Introduction
Consolidation plays an important role in many soil mechanics problems. This is
evidenced by the vast amount of literature devoted to the solution of consolidation
problems since the pioneering work of Terzaghi [11].
There are two main areas where consolidation analysis is extensively applied. In
the first area we consider the physical loading of soil layers, such as it occurs in the
transient analysis of footings, pile foundations, soil-structure interaction, embank-
ments, etc.
In the second area we consider the change of hydraulic equilibrium in a system
comprising aquifers. The change in the hydraulic equilibrium occurs for instance
due to groundwater withdrawal for industrial and agricultural purposes. The heavy
pumpage can result in large surface subsidence with possible damage to property.
In early practice, settlements were calculated in most cases using Terzaghi's one-
dimensional consolidation theory. More recently Biot's three-dimensional theory has
been used, based on the linear stress-strain constitutive relationship and Darcy's flow
rule. The extensive use of computers and the concomitant development of numerical
techniques made much more precise analyses possible. The nonlinear behavior of
the skeleton and variation of permeability with strain can now be easily taken into
account if necessary.
This thesis discusses the development of a finite element formulation based on the
9/4-c displacement-pressure element which is widely used to solve almost incompress-
ible media and has been proven to be optimal for such analysis. The soil is modelled
as linear elastic and elasto-plastic. The Drucker-Prager and Mohr-Coulomb plasticity
models which are extensively used to model soil plasticity behavior are employed and
hence almost incompressibility effects are encountered.
1.1 Thesis Organization
This thesis is divided into eight chapters. In Chapter 1, we give an introduction
to the topic considered in the thesis. In Chapter 2, we summarize the theory of
consolidation as to cover the important points relevant to the cases considered in the
thesis. The derivation of Terzaghi's one-dimensional consolidation theory and Biot's
general three-dimensional theory are also included in this particular chapter.
In Chapter 3, we discuss the derivation of the governing equations for single-phase
flow in a deforming porous medium. The governing equations are divided into two
separate equations. One which governs the behavior of the solid or soil skeleton is
generally referred to as the equilibrium equation. The other equation which governs
the pore water flow inside the soil is known as the continuity equation.
In Chapter 4, we develop the finite element procedures for the linear elastic con-
solidation based on the u/p formulation. The formulation is based on the Hellinger-
Reissner functional.
In Chapter 5, we develop the finite element procedures for the elasto-plastic con-
solidation. The chapter starts with a summary of general plasticity models followed
by the two specific models used in this thesis; namely the Drucker-Prager material
model and Mohr-Coulomb material model.
In Chapter 6, we show how the finite element computer program developed based
on the items given in Chapters 4 and 5 performs against theoretical solutions. Three
linear cases are considered. The first two are comparisons against widely known
Terzaghi's and Biot's solutions for one- and two-dimensional cases. The last case is
a comparison against a solution developed by Shanker for a tangentially loaded soil
consolidation.
In Chapter 7, we present the results of more complex analyses performed using
the numerical procedures developed in Chapter 5. Some practical engineering cases
are considered.
Finally, in Chapter 8 we discuss the need for further research on the solution of
nonlinear consolidation problems using mixed finite element formulations.
Chapter 2
Theory of Consolidation
2.1 Fundamental Concepts in Soil Mechanics
Soil mechanics as the term implies, deals mainly with the application of mechanics
laws to problems associated with soils and rocks, be it soil-structure, soil-fluid, or
soil-soil interactions. The term "soil" in general refers to the decomposed upper layer
of the earth crust. Therefore, according to Terzaghi [11], soil mechanics includes the
following aspects :
1. Soil behavior under external or internal loads (self weight for example);
2. The research or investigation of determining the physical properties of real soils;
3. Application of theories (based on approximation or idealization of physical prop-
erties) to practical problems.
2.1.1 Mechanical Composition of Soil and Some Physical
Properties
Before we proceed with the discussion on how soil behaves under loading, we need to
know more about the composition and properties of the soil itself. By nature, soil is
a very complex physical system made up of aggregates of different kinds of materials
and chemical compounds. If we are to look at the composition of soil, we would find
that soil has three basic phases, namely :
1. the solid phase, which is composed of a mineral and/or an organic compound;
2. the liquid phase, which can be water and/or oil, fills part or all of the voids in
the porous soil;
3. the gaseous or vapour phase which occupies the part of the soil voids which is
not occupied by the liquid.
The volumetric proportions of the solids and voids of a soil mass can
studied by means of a soil phase diagram [see Figure 2-1].
Va = volume of air
Vw = volume of water
Vv = volume of voids = Va+Vw
Vs = volume of solid
V = unit total volume = 1
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Figure 2-1: Schematic representation of soil phases
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2.1.2 Effective and Neutral Stresses
To describe soil behavior, we first need to define effective and neutral stresses. If a
load R is applied to the surface of a sample, for example by covering the sample by
lead shots [see Figure 2-2], the void ratio of the soil, defined as e = -V where V, =
volume of the voids, and V, = volume of the solid particles, decreases from eo to el.
The load R also produces a change in all of the mechanical properties of the soil such
as its shearing resistance. For this reason, the pressure generated is known as the
effective stress T.
R
If instead, the vessel is filled with water to such a height h, that h, = - , where
-, = specific weight of water, the normal stress on a horizontal section through the
sample is also increased by R. Nevertheless, the increase in pressure due to R does
not have a measurable influence on the void ratio and any other mechanical properties
of the soil. WVe therefore introduce a neutral stress P, where P = ,hw. Figure 2-2
describes the effective and neutral stresses.
pore water pressure pore water pressure
T
H1
i -_ water level
Hi
T water levelT
H
T = effective stress P = neutral stress
Figure 2-2: Effective and neutral stress
The difference between effective and neutral stress is that the neutral stress is
transmitted to the base of the soil stratum through the pore water (for this reason it is
also known as pore water pressure), whereas the effective stress is transmitted through
the points of contact between soil grains (soil skeleton). Another difference between
these two stresses is that the effective stress has deviatoric and volumetric components
while the neutral stress does not have the corresponding deviatoric component.
Consolidation is caused by the departure of effective stress and pore water pres-
sure from their initial values. When dealing with consolidation, we deal with excess
effective stress and excess pore water pressure. To avoid confusion, we shall use the
terminology effective stress and pore water pressure throughout the discussion and
whenever consolidation is considered, it always refers to the excess values of effective
stress and pore water pressure.
2.2 Consolidation
2.2.1 Definition of Consolidation
In general, a change in the effective stress of soil T will be accompanied by some
change in the volume of the soil via the change in the volume of the voids of the soil.
For saturated soil, in which the volume of the voids is completely filled with water,
the change is brought about by the process of forcing the fluid out of the soil through
its permeable surfaces and therefore decreasing both the water content within the soil
and the void ratio.
It is to be noted that this process does not happen instantaneously as we apply
pressure on the soil, especially when dealing with soils of high compressibility a,, but
low permeability k. In soils with such characteristics, fat clays for example, changes
in the water content due to changes in the state of stress take place very slowly.
This phenomenon produces a time lag between a change of external force acting on a
permeable, compressible stratum and the corresponding change of the water content
of the soil.
Terzaghi defines consolidation as a process involving a decrease of the water con-
tent of a saturated soil without replacement of the water by air. As some of the
assumptions in Terzaghi formulation are relaxed in the development of a more gen-
eral consolidation theory, the definition mentioned above is no longer valid. Some
consolidation treatments incorporate the formation of bubbles and involve several
phases of fluids inside the soil. A more suitable definition is that consolidation is a
transient process of soil settlement during which the pore fluid in the soil is being
forced out of the soil through its permeable surface(s).
The theories which deal with these processes are called theories of consolidation.
2.2.2 Physical Description
In order to understand more of the intricacies of the consolidation processes, we probe
further into the physics of the soils.
As already mentioned previously, we differentiate effective stress from pore water
pressure within the soil. Effective stress is borne by the soil grains composing the
skeleton of the soil while the pore water pressure is borne by the fluid within the soil.
With the assumption that the soil grains are incompressible, only the effective stress
affects the soil grains. However if the soil grains are compressible, the pore water
pressure will affect the volume of the soil particles by compressing the particles as
depicted in Figure 2-3. This case could be neglected in soils like clays but is quite
eminent in rocks. Therefore the compressibility of soil particles should be included
in the theoretical treatment of consolidation for the generality of the problems to be
considered.
Assuming that the soil is saturated, if we apply a constant load R on top of a
soil layer, be it uniform or non-uniform, initially all the normal load will be taken by
the pore water hence the pore water pressure will assume an increase in value equal
to that of the normal load. Initially the soil behaves as an almost incompressible
material. Hence no significant changes in volume can be noticed. As time progresses,
because there is a pronounced pressure difference between pore water pressure and
pressure at the surface of the soil, water will seep out of the pores on the draining
surface while the soil is undergoing five phenomena simultaneously :
Figure 2-3: Pore water pressure compressing the soil particles
1. an increase in effective stress;
2. a decrease in pore water pressure;
3. a decrease of water content within the soil;
4. a decrease in overall soil volume;
5. a rearrangement of the soil particles to conform to the smaller volume.
These five phenomena are actually interconnected.
Neglecting creep effects in the soil, these processes of consolidation will cease when
the effective stress in the soil equilibrates with the applied load and the pore water
pressure in the soil equilibrates with the pressure at the surface (i.e. there is no more
excess pore water pressure). Note that the applied load is not removed. If the applied
load were removed, a process of rebound (the reverse process of consolidation) could
occur. In some theoretical treatments, we set the coefficient of elastic recovery a,, to
be a very low value; then the soil will not undergo any deformation changes due to
the withdrawal of the loads.
2.3 One-Dimensional Theory
Soil is a complex matter with complex behavior. The development of some of the
theories modelling this behavior was started almost a century and half ago, but the
knowledge of real physical properties of soils were rather limited at that time. Better
assessments of the real physical properties of soil started only in the early 1920s.
Knowing this, Terzaghi developed the one-dimensional consolidation theory assuming
that the soil is laterally confined and the following other assumptions :
1. The voids of the soil are completely filled with water - the soil is saturated
with water - excluding the formation of air bubbles inside the soil.
2. Darcy's law is valid. The flow of fluid in the soil is erratic with no definite path,
but Darcv's law has been used extensively in porous deformable media.
3. The coefficient of permeability k is constant.
4. A linear elastic porous material in which a change in volume is proportional to
a change in pressure is assumed. This assumption was used in the early study
of consolidation. The actual behavior of soil is highly non-linear.
5. Both water and the soil particles are perfectly incompressible. This is a valid
assumption for most soils, but not for rocks. With this assumption we can say
that the time lag of consolidation is due entirely to the low permeability of the
soil.
The following terminology is used often in the derivation of Terzaghi's theory,
initial void ratio = eo
final void ratio = e
initial volume = 1 + e,
final volume = 1 + e
initial excess pore water pressure = Po
final excess pore water pressure = P
initial effective stress = To
final effective stress = T
eo -e
coefficient of compressibility av = -T - To
e - eo
coefficient of elastic recovery a vs T - To
arc
coefficient of volume decrease mc vc
1 + eCO
coefficient of
We refer to Figure
permeability = k
2-4 for an explanation of void ratio.
Total
Voids = e
Total
Solids = 1
_I_
Initial Volume Final Volume
Figure 2-4: Volumetric representation of soil phases
Total
Voids = eo
Total
Solids = 1
_k
2.3.1 Differential Equation of the Process of Consolidation
of Horizontal Beds of Ideal Clay
consolidation pressure
R over entire surface
* ** * attimeO
** * * at time t
sand * *
water table at time -
ho
clay m-- n
impermeable base
El. of water table
Excess pore water pressure
Figure 2-5: Consolidation process
Figure 2-5 is a section through a stratum of ideal clay on an impermeable horizontal
base. The clay is buried beneath a bed of highly permeable sand, and the water
table is located at an elevation ho above the surface of the clay. Initially, the clay
is assumed to be in a state of hydraulic equilibrium; hence the corresponding excess
pore water pressure (Po) is
Po = 0 (2.1)
If we apply a uniformly distributed surcharge R on the surface of the sand, the
normal stress on any horizontal section m-n through the clay increases by R.
On account of the low permeability of the clay, the process of consolidation pro-
ceeds very slowly. Immediately after the surcharge R is applied, the void ratio of the
clay is equal to eo, which indicates that the effective stress is equal to its initial value;
yet the total normal stress on the horizontal section has been increased by R.
]Hence at the onset of the process of consolidation the entire surcharge R is carried
by an excess pore water pressure of equal intensity which indicates pressure in the
water has increased by R. As a consequence the water rises in a piezometric tube by
a height
hi -- RYw
Yet., at any time the sum of the added effective normal stress T produced by the
surcharge and the excess pore water pressure P is equal to R, i.e.
P +T=R
As time goes on, the pore water pressure (P) decreases (the water level in the
0P OTpiezometric tube goes down), until finally it is zero. Using - OT (since R isat at
constant) leads to a differential equation,
0P 82P= 0c (2.2)Ot Oz2
where,
k
C = -- = coefficient of consolidation
Yw mVc
where,
k = coefficient of permeability
mvc = coefficient of volume decrease
7, = specific density of water
2.3.2 Excess Pore Water Pressure during Consolidation
Solving equation ( 2.2) for P we obtain P as a function of time t and the elevation z,
P = f(t, z) (2.3)
The character of this function depends on the type and the rate of the change of
stress which causes the consolidation and on the location of the surface or surfaces
through which the excess pore water can escape from the clay.
The following initial and boundary conditions apply :
t = 0 and 0< z < H,P = R
0 < t < oc and z = 0, = 0(9z
0<t<ocandz= H,P=0
t = oo and 0 < z < H,P = 0
On the basis of these conditions the solution of the differential equation ( 2.2) can be
accomplished by means of a Fourier series
)5 1 0 2H n7rz n7Xz 2-C2vtn2r
S fRsin( )d)sin(2 )ep.( (2.4)
n=lH z=o 2H 2 H 4H
where,
Cc k tT, = -t =
H2  7Ywmvc H2
2.4 General Theory of Three-Dimensional Con-
solidation
A simple mechanism to explain consolidation was first brought forward by Terzaghi
who assumed that the grain particles are incompressible and more or less bound
together by molecular forces as well as have elastic properties. The voids of the soil
are filled with water and remain to be so during consolidation. Terzaghi applied the
analogy of a rubber sponge saturated with water to the case of soil under a constant
load and lateral confinement. Despite the success of this theory, the treatment is
confined to one-dimensional cases. As a result, a generalization of this theory was
still needed. Biot is the person who first introduced the development of a three-
dimensional consolidation theory.
His assumptions were as follow :
1. the material is isotropic;
2. an elastic stress-strain relationship is valid;
3. stress-strain relationship is linear;
4. strains are small;
5. the pore water contained in the soil is incompressible;
6. the pore water may contain air bubbles;
7. the water flows through the porous skeleton according to Darcy's law.
Of all the assumptions stated in his general theory, assumptions 2 and 3 are
subject to criticism. He argued that those two assumptions were also incorporated
in Terzaghi's one-dimensional consolidation theory. He also added that since his
treatment was for small strain consolidation, these assumptions were warranted. In
this section, we derive the Biot's three-dimensional consolidation theory for saturated
soils.
2.4.1 Stress and Strain in Soil
If we consider a small cubic element of consolidating soil but with the size being large
enough so this cubic element could be considered homogeneous, then the stress in the
soil must satisfy the well-known equilibrium conditions (no body forces),
T j,j = 0 (2.5)
23
According to Terzaghi, the stress in the soil could be divided into effective stress and
pore water pressure,
(2.6)
where,
Ti = total stress
Ti = effective stress
P = pore water pressure
=ij  Kronecker delta
Since major deformation is caused by the effective stress, the following effective stress-
strain relationship holds,
Tij = AEkk6ij + 2pEij, (2.7)
where Ekk is volumetric strain, Eij is a strain component and A and /t are Lame
constants,
A (1 + v)(1 
- 2v)
E
P 2(1 + v)
Substituting equation ( 2.7) into equation ( 2.6), we get the following result :
Ti = AEkk6ij + 2MEij - P765 (2.8)
2.4.2 General Equations Governing Consolidation
Substituting expression ( 2.8) into the equilibrium equation ( 2.5) we proceed to
establish the differential equations for the transient phenomena of consolidation,
G
GV 2u + - Ejj,i - P,i = 0(1- 2v)
where,
(2.9)
To = Tij - Pjj
u = displacements
G = shear modulus
In order to complete this system of equations, we need one more equation which is
introduced by the application of Darcy's law governing the flow of water in a porous
medium,
Vi = -kP, (2.10)
where,
lV = Darcy's velocity
k = coefficient of permeability
Notice that.
Ot -ii (2.11)
at
which then gives us,
kV 2P -Ejj (2.12)
at
The differential equations ( 2.9) and ( 2.12) are the governing equations for the
unknown displacements and excess pore water pressure.
Chapter 3
The Governing Equations for
Single-Phase Flow in a Deforming
Porous Medium
3.1 Solid-Phase Behavior
It is assumed that pore water pressure P causes only a uniform, volumetric strain by
compressing the grains, and therefore the major deformation of the porous skeleton
is governed by the effective stress T,
where,
T = total stress
T = effective stress in the soil skeleton
P = pore water pressure
6 = Kronecker delta.
T = T-P6 (3.1)
In soil mechanics, the total stress tensor T is composed of the effective stress
tensor T. the stress carried by the soil skeleton through solid contacts, and pore
water pressure P, the stress taken by the water present in the voids of the soil. It
is to be noted that the effective stress in the soil skeleton is not the same as the
deviatoric stress which is most commonly found in solid mechanics. This is because
the effective stress in the soil skeleton comprises of the deviatoric stress as well as
volumetric counterparts. It is actually quite analogous to the total stress term used
in solid mechanics. All of this can be summarized in notational form as follows,
T = T'- P6 - P6 (3.2)
where,
T' = deviatoric stress in the soil skeleton
P = pressure in the soil skeleton
The following constitutive relationship relates the deviatoric stress to the devia-
toric strain of the soil skeleton,
T' = C'e(E ' - E 'P - Ec) (3.3)
where we use now engineering strain quantities,
E' = deviatoric strain in the soil skeleton
E 'P = deviatoric plastic strain in the soil skeleton
EC = creep strain in the soil skeleton
C l
2G
2G 0
2G
G
0 G
G
where,
_ E
2(1 + v)
In a linear elastic formulation, we are neglecting plastic and creep strains. The
relationship between the pressure (volumetric stress) in the soil skeleton and the
volumetric strain is as follows,
P = -K(E,, - EvP ) (3.4)
where,
P = pressure in the soil skeleton
E
K = - bulk modulus of the soil skeleton3(1 - 2v)
E, = total volumetric strain
EP = plastic volumetric strain
During the initial stages of consolidation, due to the externally applied load, the
total volumetric stress increases while the effective volumetric stress remains constant.
This causes a temporary build up of pore water pressure. It is also interesting to note
that initially the soil behaves as an almost incompressible material.
3.2 Fluid-Phase Behavior in a Deforming Porous
Medium
The geometrical complexity of a porous medium such as soil renders impossible a
strict analytical treatment of the fluid velocity within the pore space. To overcome
this obstacle, the fictitious seepage velocity (also known as bulk or Darcy's velocity)
is defined as,
Q = -- V() (3.5)
where,
P = excess pore water pressure
k = permeability coefficient
p = dynamic viscosity of the fluid
When single-phase flow is considered, the continuity of the flow requires that the
following expression is valid:
(3.6)k(rate of fluid accumulation) = V'(A V(P))
There are many factors which contribute to the rate of fluid accumulation such as
the rate of change of the grain volume due to pore water pressure change as well as
effective stress and all are already included in the rate of change of total volumetric
strain,
dEv
dt = rate of change of volumetric strain
Then, the continuity equation ( 3.6) can be written as,
A -= -VT (- V(P))
p
dEv
dt (3.7)
3.3 Boundary Conditions
The following two types of boundary conditions can be satisfied for the continuity
equation,
(a) the continuity of flow across the boundary (natural boundary condition)
Tk -
- n - V(P) = q
/1
where,
(3.8)
n = unit normal vector to soil boundary and positive when pointing out-
ward
qS = outflow perunit area of the boundary surface
(b) prescribed pore water pressures P = Pb (essential boundary condition).
The condition that the continuity equation applies throughout the continuum and
that equation ( 3.8) applies on the boundary requires that,
aAdV = 0 (3.9)
where a is an essential weighting function.
When we substitute equations ( 3.7) and ( 3.8) into equation ( 3.9) and apply the
divergence theorem we arrive at the following result,
a dV +
vdt
Va k V(P)dV + aqsdS = 0
P s
Note that we can replace a with 67 in the above equation.
(3.10)
Chapter 4
Mixed Finite Element Formulation
for Linear Elastic Consolidation
4.1 Mixed Formulation
Having discussed the constitutive relations for both the soil skeleton and the pore
water, we are now ready to formulate the finite element formulation based on the
general variational principle of Hu-Washizu [1].
Setting T = CE in the Hu-Washizu functional and satisfying the essential bound-
ary conditions exactly, we obtain the total potential energy functional as,
-
1 / E ' C'E'dV + 12 v 2
-, UTfdV -d
p 2 dV
K
1
2
UsT fsfdS
When using equation ( 4.1), the pressure-volumetric strain relationship and continuity
equation must be satisfied exactly,
P = -KEv (4.2)
VTkV dE,T( VP) =-- dE
p dt (4.3)
VP - VPdtdV
U
(4.1)
and,
E
SV JJ
However, these conditions can be relaxed provided they are included in H using
Lagrange multipliers. Then we have,
f = I- Ap(Ev + - )dV-r- v K SAp( dtEt dt - Vk VP)dtdV (4.4)
We can expand the last term on the right hand side of equation ( 4.4) to yield,
dAt( - V pVP)dtdV
+ q
jA5 dEvdtdVtdt
it ATqsdtdS
+jVA/ VPdtdV
(4.5)
Invoking stationarity of H over P we obtain the following relationship,
J6P-dV
v P K (4.6)- AP p-dV1/ = 0
Similarly when we invoke stationarity over 7, we obtain the following relationship,
I j vTk VS-mdtdk -
'-i (4.7)SVA-T k V6SdtdV = 0PA
which proves that Ap = P and AX = P. Now finally we can write the total strain
energy functional as,
1 IEITC'E'dV +2
1P 2
- dV2K + £ f1VP -VPdtdV, 2 A
- fP(E,, + )PdV - f dtdV -K ' fvit dt
UTfBdV - fs USfTfSfdS - Li
Li VP k VPdtdV
Psq qsdtdS
Invoking stationarity, we obtain,
6Er'C'E'dV -
6PEvdV - 6
UTfBdV - fsf
6E,PdV -
PEvdV - S[ V6 T k VPdtdV
JV Jt
6UsfTfSfdS - Jq SqqsdtdS
n=j
- I
M6
(4.8)
-f
-f
S6EPdV - J6P dV
(4.9)
We should note that by performing the variations 6E', 6E,, 6P, 6P, and 6U indi-
vidually, we obtain from equation ( 4.9) the equations ( 3.3), ( 3.7), ( 3.8), ( 4.2), and
(4.3) as well as the equilibrium equation,
Tij,j + fA = 0 (4.10)
4.2 Application of the Finite Element Method -
Discretization
We use isoparametric interpolations for the variables in the fluid and the solid do-
mains. The following interpolations are employed [1],
U = HU
E' = BDU
E = B VU
P= HP
P = HP (4.11)
where we note that the same interpolations are used for the pressure in the solid and
fluid domain.
The finite element discretization gives the following result for equation( 4.9),
O 0 0 U Mun Mup MuP U
0 0 0 o Mpu Mpp 0 = 0
0 0 Kp-p P Mu 0 0 P
where,
K -]VH - VHdV
MU = BDT CieBDdV
-BvTHd
= - B RdVvV
--IVB v HdV
=- HJT BdV
Kd
K
= -
HT BdV
HT fBdV +
Hs,TqSdS
f sf T fSdSsf
(4.12)
The values of U, P and P at different times may now be obtained by means of
appropriate time stepping algorithms.
4.3 Isoparametric Interpolation
2
3
0 displacement node
X pressure node
Figure 4-1: 9/4-c element
For the finite element solution, the 9/4-c element is used which means 9 nodes are
employed for interpolation of U and 4 nodes are used for interpolation of P and
P. Figure 4-1 shows the quadrilateral 9/4-c element. Isoparametric interpolation is
34
R= fs
R=j
9I
i
)-----l -- m
m 0
=- f
J KC
used. In this interpolation, we use the same interpolation functions for the element
coordinates as well as element displacements. Accordingly, the interpolation functions
for the element displacements (and element coordinates) are,
1 1 1 1
hi -(1 + r)(1 + s)- -h5 - -hs - -h4 2 2 4
1 1 1 1h2 - 1 - r)(l+ s) - 15 - 6 h94 2 2 4
1 1 1 1
ha = -(1-r)(1 - s)--h 6- - h4 2 2 4
1 1 1 1
h4 1)(17 - h8 h94 2 2 4
1 1
h5 = (1- r2 )(1 +s)- hg2 2
1 1
h6 = (1- s 2)(1- r)- h92 2
1 1
h7 = (1- 2)(1- )- h
1 1
hs = (1 - s2)(1r)- h
4hg = (1- 2)( -s2)  (4.13)
The interpolation functions for the element pressure (P and P) are,h = (1 + r)(1 + s)41
h3 = -(1- r)(1- s)4-1
h4 = ,(1 +r)(1- s) (4.14)
where r and s are the local coordinates in the element, as shown in Fig. 4-1.
The interpolation matrices used in the previous equations (4.11) and ( 4.12) are (for
plane strain conditions),
H=[hi h2 h3 h4 h5 h6 h7 h8 hg]
12 hx
BD 3
hi,y
ii
- hl,y3
1hl,y
h1,x
h3 h4
B v =[ h, h 2,x . . 1h,y h2,y - .
3h2,x . .
3 h2,x ...
h2,y . . .
[hi h2
Chapter 5
Elasto-Plasticity with the
Mohr-Coulomb Yield Criterion
Applied to Consolidation
The choice of an appropriate constitutive relationship is very important to obtain ac-
curate numerical results. A linear elastic constitutive relationship was widely used in
the early solutions of consolidation problems, both in theoretical and numerical treat-
m.ents, but the soil (skeleton) behaves very nonlinearly. Therefore, a more realistic
assessment including nonlinear behaviour is necessary.
In this thesis, we model the soil as time-independent elasto-plastic, but visco-
plastic and creep effects can be introduced in a similar way. The main difference
between a plastic and elastic model is that in the latter, strains are fully recoverable
upon the decrease of stress, whereas in the plastic model only part of the strain is
recoverable.
A general presentation of elasto-plasticity is given in this chapter and leads to two
plasticity yield criteria used in consolidation analysis, namely the Drucker-Prager
and Mohr-Coulomb yield criteria. Both models are extensively used in soil mechanics
analysis.
The state of stress in soil or in any other material can be considered to be composed
of two components : deviatoric and volumetric components. In the treatment of
elasto-plasticity, it is best to work with stress invariants.
5.1 Stress Invariants
Stress invariants are stress combinations which values are independent of the orienta-
tion of the coordinate axes. The stress invariants that are commonly used in general
elasto-plasticity models are,
J1 = Tii
1-J2 TijTi1
J3= 3TijTjkTki (5.1)
The stress invariants can also be defined in terms of deviatoric stresses, called the
deviatoric stress invariants,
' = -T'.T'!2 T2 i
1
' = T(5.2)3 z3 Tjk'ki
5.2 General Elasto-Plasticity
Real soils do not behave linear elastically. A large part of the strain is irreversible
(plastic strain), largely due to yielding when the stresses in the soil skeleton become
large.
We need three properties to characterize the material behaviour with plasticity:
1. a yield function which gives the yield condition that specifies the state of
multiaxial stress corresponding to the start of plastic flow;
2. a flow rule which relates the plastic strain increments to the current stresses
and the stress increments; and
3. a hardening rule which specifies how the yield function is modified during the
plastic flow.
A yield function defines the start of plastic flow under any possible combination of
stresses and represents a surface in the n-dimensional stress space. It has the general
form at time t,
fy (Tij, tEi,...) (5.3)
where, "..." denotes the state variables that depend on the material characterization.
The instantaneous material response is elastic if,
tf, < 0 (5.4)
and plastic if,
tfy = 0. (5.5)
The state of tyf > 0 is inadmissible.
To define the manner in which the material can strain during plastic flow the
notion of a plastic potential is introduced,
Q = Q(T) (5.6)
This potential defines the direction (but not the magnitude) of strain increments by
its "gradients"; known as the flow rule,
dE P = dA (5.7)aT
Here dA is a proportionality constant to be determined. In other words, if the com-
ponents dEp are associated with the components of stress space, the direction of the
straining is normal to the plastic potential Q.
In classical plasticity theory, following Drucker's postulate (Drucker, 1951), the
associative behaviour is invoked with,
Q - fy (5.8)
but in general soil mechanics we may be required to relax this restriction.
Some typical failure yield surfaces are the Tresca-, von Mises-, Drucker-Prager-,
Mohr-Coulomb yield surfaces. We consider here the Mohr-Coulomb and Drucker-
Prager yield surfaces.
It is important to observe that if non-associated plasticity models are invoked, the
tangential material matrix will be non-symmetric introducing appreciable difficulties
in the numerical solution processes. In this thesis only associated plasticity models
are considered.
5.3 Mohr-Coulomb Yield Criterion
This criterion is a generalization of the Coulomb (1773) friction failure law
T = C + Totan(¢) (5.9)
where,
7 is the magnitude of the shearing stress
Tn is the normal stress (compressive stress is positive)
C is the apparent cohesion
0 is the angle of internal friction
Graphically, equation ( 5.9) represents a straight line tangent to the largest prin-
cipal stress circle [6][see Figure 5-1].
For T 1 • T 2 • T 3, equation ( 5.9) can be rewritten as,
1 T, + T3 T, - T3
2 (T1 - T)cos = C 
- 
( T3sinr)tanr (5.10)2 2 2
t=c+ Tntan
S-T-3  Normal stress T,
tan I-(T + T 3) -- 1
t-•_ - -T 1 >1
Figure 5-1: Mohr-Coulomb failure envelope
rearranging equation ( 5.10),
- (T 1 - T3) = 2CcosO - (T 1 + T 3)sin) (5.11)
As can be noted, equation ( 5.11) above does not depend on T 2 and therefore is
not a complete generality of the true behaviour.
In the principal stress space, the criterion gives a conical yield surface whose nor-
mal section at any point is an irregular hexagon. The conical, rather than cylindrical,
nature of the yield surface is a consequence of the fact that a hydrostatic stress does
influence yielding which is evident from equation ( 5.9). This criterion is applicable
to concrete, rock and soil problems.
5.4 Drucker-Prager Yield Criterion
An approximation to the Mohr-Coulomb law was presented by Drucker and Prager
(1952) as a modification of the von Mises yield criterion. The influence of a hydrostatic
stress component on yielding was introduced by inclusion of an additional term in
the von Mises expression to give,
aJ + /J = k (5.12)
The yield surface has the form of a circular cone.
In order to make the Drucker-Prager circle coincide with the outer apices of the
Mohr-Coulomb hexagon at any section, it can be shown that,
2sine
S (3 - sin )
k' = 6cos (5.13)
0J(3 - sin4)
Coincidence with the inner apices of the Mohr-Coulomb hexagon is provided by,
2sine
= x(3 + sin )
k' = cos¢ (5.14)
v/3(3 + sine)
However, the approximation given by either the inner or outer cone to the true failure
surface may lead to error for certain stress combination.
5.5 Alternative Form of the Yield Criterion for
Numerical Computation
For numerical computation, it is convenient to write the yield function in terms of
alternative stress invariants. This formulation is introduced by Nayak [6] and its
main advantage is that it permits the computer coding of the yield function and the
flow rule in a general form and necessitates only the specification of three constants
for any individual criterion.
The principal deviatoric stresses T', T2, T3 are given as the roots of the cubic
equation,
t3 - Jt - J 3= 0 (5.15)
Noting the trigonometric identity,
3 1
sin3o - -sinO + -sin30 = 04 4
And substituting t = rsinO into equation ( 5.15) we have,
sin390- 2sin9 3 = 0T2 r3
Comparing equation ( 5.16) and equation ( 5.17) gives,
2
4J'
sin30 =
r
3
(5.16)
(5.17)
(5.18)3 V J32 (j) 1
Hence, we obtain the following criterion for the Mohr-Coulomb yield criterion [see
Appendix A for details of the derivation],
1
-. s.inh - J21(cos9 - -sinOsinq) = Ccos¢ (5.19)
For the Drucker-Prager yield criterion, there is no change so we have,
a J + ± r2= k' (5.20)
-I- · ·
5.6 Elasto-Plastic Stress-Strain Matrix
As already mentioned previously, the yield criterion for Mohr-Coulomb plasticity at
time t is
f A'c I t Jlsino +3
The flow rule gives,
C
and for associated plasticity,
tJ1 (cosO - -1 sinsino) - CcosO
IE P = dA tQM
C
OtT
E P = dA Ot
f YMC
atT
(5.21)
(5.22)
(5.23)
When we separate deviatoric from volumetric plastic strains, we obtain
dE P = dE'P + dEPm
This separation results in the following two equations,
(5.24)
SfMc a Ft2 atfyMC ate
= dA . + t .
- dA{(cosO 1 sinOsin¢) tT' + dA(sin}
V fJ2 I
+ cos9sinr )V J2
!3
{ 1 at J3
2cos30 (tJ2) 2 OtT
3tJ3 tT'
(t j2) 22J
for the deviatoric part and,
dEP6 = dA
_t MC t J i 1{ tfMC dA{(1sinq)m}
at J tT 3
for the volumetric part, where the three
as follows :
atf,
at J,
derivatives t f y  at f
at J'1 1 '
are evaluated
ato
1
-sin¢
3
dE'P
(5.25)
(5.26)
V
atf = (cosO 
-
1
sinOsinr )v'3-
atf
ate
and,
ato
atT
-(sinO + cosOsin¢)
atJl
- mi
OtT
a j tT'
atT - 2 t2J
1
(tJ2)
tTI tT'yy" zz
-2tTzztT
3tJ3 09]3t j, f
t 2
yy
1
3
Differentiating equation ( 5.21) gives the relationship,
I , .f,
at fyatp
I,
dT' + a
tfA
9tE'P
t"I ' ~4 .
dP + atEp T
dE 'P = 0
dEmP = 0 (5.32)
Incorporating equation ( 5.22) and equation ( 5.23) into equation ( 5.32) above,
{d, = 0t dT'
{ atf T T atfy
OtE 'P I atTW
(5.27)
(5.28)
(5.29)
(5.30)
where,
-2cos3
2cos3O
at J3
atT
2
2J'
tJ2
0
(5.31)
at J3
atT
, r• I,
cifA {idP
dA =
t Em aP t P
(5.33)
The incremental deviatoric strain dE' and the incremental mean strain dEP can
be expressed as the sum of the elastic and the plastic components dE 'e and dE 'P and
dEe and dE P, respectively,
= dE'e + dE'P
= C'e-ldT' + dA tf YMC
atT,
and for the mean strain,
dEm
11 dP
3K
+ d tfCOtp (5.35)
Pre-multiplying equation ( 5.34)
SdT' by means of equation (
t ftT"OtT,
1dE
Ce"dEI - a{ f, 
atE'P
above with fOtT f • Tc'
I t-T' f , and substituting 
for
5.32) leads to the following :
aOf
dtTAatT'
Finally we obtain,
dT' = C -
CeOt fy
-tT-
atf,
-tEIP
I- '-~# I.
crfY+ OfT' J
t T e{- IT
0 % } T
Ce t dA
dE'
(5.36)
(5.37)
Cie OtfyotT,
dE'
(5.34)
$-.ir•
+ foatT'
and with similar derivation for the volumetric part,
dP = K-
9t f, • f,•K Kal p al p
T atf a f ,tP
{ atE ,
Then we could write the deviatoric stress as dependent on the incremental deviatoric
strains and the pressure as dependent on the incremental volumetric strain,
dT'
dP
= CIepdE'
= KePdEv (5.39)
where,
C Cfy atfT
CIep = Cle - Ti atT
{tfyI }Ttfy + { Cf }T ie 4f8dtE P  ftT' T, tT,
8tP Ke pKep = K- p
_ f Otf atf, I T
StEP It P tPa at P
(5.40)
It has been proven that the constitutive matrices in equation ( 5.40) are not the
consistent tangential constitutive matrices, that is consistent with the numerical in-
tegration of the stresses. Therefore, quadratic convergence is not generally reached
in the iteration for the solution of the nonlinear equations.
5.7 Incremental Mixed Formulation
In chapter 4, we have used the following variational indicator,
l C + p 1 VP' Ik
f = 1 EITC'=dV + 1 P- dV+ 1 Vp, kPdtdVfv 2 fA
1 472I J1~1otf,K 0 pdt p (5.38)-l •
P dE
- P(E, + -)dV - P-dtdVKv  I dt
SuTfB dV - UsfTfSfdS -
- VP -V(P)dtdtd
7pS sdqdSfSq
The stationarity of I gave,
An = 6W(O) - JR = 0 (5.42)
(5.43)6W(O) = JR
where, 0 = (U, P, P), 6W is the internal virtual work, and 6R is the external virtual
work.
Applying finite element discretization, we get the discretized finite element equa-
tions for the consolidation governing equations,
F(O) = R (5.44)
where E is a vector containing nodal values of 0 and F depends nonlinearly on O.
We now consider nonlinear analysis. Assuming that the solution at time t is
already known, and obtaining the solution at time t + At, we can write the Taylor
expansion near the configuration at time t as,
t+AtR - F( t ) + to Ao8E8 (5.45)
and the tangent stiffness matrices can be determined from OF/D0. Since,
OF
a(9 OF OEAt8O0 t (5.46)
it follows that,
OF
FAE = F*At56 (5.47)
Therefore,
F(O) + F* It At -t+at R
(5.41)
(5.48)
and it follows that,
6tW + 6W* It At 6- t+AtR
Considering the parts of 6W corresponding to SU we obtain,
6W It, At = E'T C'ePAE'dV
- 6E,APdV - E,, APdVv Jv
56W It At = -
alW I At = - JPAE,dV'
AP
6P(AE, + A)dV
KeP
- I'+Att -T kVSP -VAPdtdVP
The above equation are discretized as in linear analysis.
integration (the euler backward method) for solution.
We use implicit time
(5.49)
while also,
(5.50)
(5.51)
(5.52)
Chapter 6
Linear Elastic Consolidation
Verification
6.1 Comparison with Terzaghi's One-Dimensional
Theory
6.1.1 Terzaghi's Theoretical Solution
As previously discussed in Chapter 2, with the assumptions also stated in that chap-
ter, Terzaghi's one dimensional consolidation equation can be written in the following
form.
c 2P
GC Z (z,CUC 2 5
where,
Cvc = coefficient of consolidation
P = excess pore water pressure
z = depth
t = time
With the boundary conditions
t) = t)at (6.1)
t = 0 and 0 < z < H, P = R (constant external load)
0 < t < oc and z = 01 a- -0t<ocan z=0, =1z
0 < t < oc and z = H,P = 0
The following general solution is available,
S1 2H n7rz n7rz -Cvctn2 r 2
S= ( Rsin( )dz)sin(- )exp( ) (6.2)
n=1H z= 2H 2H 4H
where,
P = excess pore water pressure
R = constant external load
2H = total depth of soil being analyzed
CVc = coefficient of consolidation
6.1.2 Comparison Cases
A computer program was developed based on the derivations stated in the previous
chapters. In this section, we use the linear elastic consolidation analysis capability
for the solution of a consolidation problem for which we can compare our computed
results with those obtained using Terzaghi's theoretical solution. The problem deals
with consolidation of an infinite half-space foundation idealized as a one-dimensional
situation, as depicted in Figure 6-1.
Since some of the notation in Terzaghi's theory is different from the notation
in Chapter 3, some conversion is necessary. Details of the conversion process are
summarized in the table in Appendix E.
The properties of the soil, based on Terzaghi's notation are,
mk = 3.57-
S
mr = 1.6667E - 4-N
I Ilit i I l Jltill il J I J 1 1 1 IT 1 1
impermeable surface impermeable surface
Figure 6-1: Mathematical model - one-dimensional consolidation
Cvc = 21.428-m
After conversion, the following values are input to the finite element program,
k = 4.00E - 6m
N
Eo = 6000.0-
m
v = 0.0
= 0.4737
6.1.3 Finite Element Solution
The finite element solution for the case considered above is divided into two different
cases. The first case deals with the consolidation due to a homogeneous initial excess
pore water pressure which is equal to the external load. This is an ideal case in
which excess pore water pressure is distributed uniformly right after the application
permeable
Idealization
:W
I I i
Figure 6-2: Finite element model - one-dimensional consolidation
FIT
rIt
/7//•
\ W W
I
R
Top surface -permeable
Side Surfaces - impermeable
Consolidation constrained laterally
Bottom surface - impermeable
~s~r·i~u
of the external load. The second case deals with the consolidation due to zero initial
excess pore water pressure and an external load applied at the top surface. We need
to consider the two different cases in order to point out that the excess pore water
pressure in the second case is not distributed uniformly due to the incapability of
the interpolation functions of the finite element solution to accurately estimate the
high pore water pressure gradient near the draining surface. Both cases employ 10
elements stacked vertically to represent the one-dimensional condition. As mentioned
before, the 9/4-c element is used in the solutions. Figure 6-2 depicts the model for the
second case. The top surface is permeable, while the bottom surface is impermeable.
The side surfaces are impermeable, therefore drainage is constrained into the vertical
direction only. Consolidation is also constrained laterally, therefore we set v = 0.
6.1.4 Non-Dimensionalized Comparison
In order to properly compare the solutions, the units of the quantities compared
should be the same. In order to simplify this comparison, we introduce the following
non-dimensionalized quantities
cve
time : T,= -_t
H2
where,
CVc = coefficient of consolidation
H = drainage path length
t = time
pore water pressure : or
R Po
U0
where,
U - settlement at any time
U,0 - final settlement
6.1.5 Observation
Initial Pore Water Pressure Case
The finite element solution is compared with Terzaghi's theoretical solution for the
excess pore water pressure variation at Tv = 0.1, 0.4 and 0.9. The finite element
solution for this case matches very closely the theoretical solution of Terzaghi. The
Variation of pore water pressure - initial pressure
z/H
Figure 6-3: Variation of excess pore water pressure - initial pressure case
graphical presentation is given in Figure 6-3.
External Loading Case
The problems mostly analyzed in consolidation deal with the application of external
loads. Physically, we will not find a case where there would be a uniform initial excess
pore water pressure even for an ideal one-dimensional case, therefore the second case
which deals with the application of a constant external load is a more realistic case.
Although the results for the normalized time fit close by the Terzaghi's solution [see
Figure 6-4], the finite element results do not show a close comparison with Terzaghi's
Variation of pore water pressure -external load
L
r
-------- program, Tv=O. I
---- o--- program, Tv=0.4
---- +---- program, Tv=0.9
solid line TrIza
0.1 0.2 0.3 0.4 0.5
z/H
0.6 0.7 0.8
Figure 6-4: Variation of excess pore water pressure - external load case
Error in pore water pressure distribution
z/H
Figure 6-5: Error in pore water pressure
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theoretical solution at the time not long after the application of load and very near
the loaded free-draining surface. This behaviour is caused by the fact that near the
surface there is a very steep pore water pressure gradient, and the finite element
solution which employs linear interpolation for the pore water pressure is unable to
accurately predict this steep gradient. Figure 6-5 shows the error distribution at
various times and depths. These errors occur only at the times not long after the
application of load and at the nodes close to the loaded free-draining surface, and
they gradually diminish with time.
6.2 Consolidation Settlement under a Rectangu-
lar Load Distribution
After comparing with Terzaghi's one-dimensional consolidation theory, it is necessary
to compare against a more general theory in which the assumptions are more real-
istic for consolidation problems. This general theory was proposed by Biot [2], and
Schiffman applied the theory to the case of a rectangular load distribution [7].
Biot's three dimensional consolidation theory is widely used to solve consolidation
problems. It relaxes some of the assumptions made by Terzaghi and is applicable
to three-dimensional consolidation cases as opposed to Terzaghi's one-dimensional
theory. Indeed, the governing equations to construct the finite element formulation
discussed above are based on Biot's self consistent theory.
Considering the case of settlement under a rectangular load distribution Schiffman
obtained the following solution,
R 2az a +T, z + a x - a (63)
r z -a n F -• z2 - (x + a)2  2  (x -a)
where,
R = load perunit area
Tv =
a2
where,
a = width of load
CVc = consolidation coefficient
(1 - v)
(1 - 2v)
x = horizontal distance
z = vertical distance
6.2.1 Comparison Case
The mathematical model for the plane strain consolidation to be analyzed is shown in
Figure 6-6. It is excerpted from the paper by Hwang et.al. [3] , where he compared
the results from a numerical procedure with the analytical solutions obtained by
Schiffman [7]. A traction load R of width a is applied on top of the permeable surface.
The bottom surface is impermeable. The side surfaces are on rollers, allowing only
vertical displacements.
6.2.2 Finite Element Solution
Figure 6-7 shows the mesh used in the finite element solution. As in the one dimen-
sional case, the 9/4-c element is used.
The comparison of the theoretical solutions with the numerical solutions is pre-
sented in Figures 6-8 and 6-9. In Figure 6-8, the excess pore water pressure variation
at x/a = 0 and T, = 0.1 is compared. The figure shows close agreement between
the numerical result and the theoretical solution obtained by Schiffman. In Figure
6-9 variation of excess pore water pressure at point A (z/a = 0.5, x/a = 1.0) and B
(z/a = 0.5, x/a = 0) with time is presented. The numerical results agree closely with
the theoretical solutions. The Mandel-Cryer effect [7], characterized by an increase
in excess pore water pressure above the initial pore water pressure at early times, is
also observed.
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Figure 6-6: Mathematical model - plane strain consolidation
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Figure 6-7: Finite element model - plane strain consolidation
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Excess pore water pressure variation at Tv=O.1
Figure 6-8: Excess pore water pressure profile
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crd
C,
a)
'C.
01)
6.2.3 Mandel-Cryer Effect
The Mandel-Cryer effect is one of the significant features of three-dimensional consol-
idation that does not appear in a one-dimensional case. A short time after loading,
the surface elements will have substantially drained. Meanwhile, the inner elements
have not yet begun to drain. These cause a transfer of total stress from the surface
elements to the inner elements, causing an increase over the initial stress in the inner
elements at early times.
6.3 Consolidation due to Surface Tangential Loads
Most of the previous studies based on Biot's theory were confined to normal loads.
However, in foundation engineering practice, the footings may be subjected to inclined
loads, which in turn can be resolved into normal and tangential components. Then
the friction between the rough footing and foundation soil may introduce shear at the
foundation level. Therefore we study the consolidation behaviour of a long flexible
strip footing (plane strain case) resting on a very thick clay layer, with shear load
uniformly distributed along the width of the strip. This case is depicted in Figure
6-10.
The initial and boundary conditions for this problem are:
TzZ = O, Tz = 0, x < 00, y < oo, t > 0
TXz = q at z = 0, x < b,y < bA, t > 0, where A = oc in this case
TXZ = 0 at z = 0, x > b, y < bA, t > 0, where A = oc in this case problem
P = 0 at z = 0, x < oo, y < oo, t > 0
An analytical solution has been given by Shanker [8, 9], making use of Biot's
theory along with McNamee and Gibson's displacement functions [5]. Although he
evaluated the solutions for two different cases, namely free surface draining and an
impervious surface, we shall consider only the first case in this comparison case.
2b
2a:
X= i
unit area
Figure 6-10: Uniformly distributed shear load over a rectangular area
According to Shanker, the theoretical solution for this type of consolidation is
given by the following equations
The surface settlement (u at z = 0) is given by
2
2Guz=0 = -
7" Ssznacsznad 1 -
2e
2  do -
nexp-1 t
0 0 2n-1
S(1- v)
(1 - 2v)
G = shear modulus
MIT(1V 4 + V 2 )dV
where,
J = 2(Hn2) - 1
AMI = e - 2 tV 2
where,
(6.4)
·
I6 
- Jo
1
T- = (V 2 + 1)2 [V2 + (n - )2]
n
The settlement of the center of the strip (x = 0) is zero at all time, and the edge
settlement (x = 1) is given by :
2Guz=o,x=1  2 sinaa da2 1 - nex-at (65)7r o a 2n - 1
the ultimate settlement (t -- + oo) is given by :
1
2Guz=o,x=-,t=o = 1 (6.6)2n - 1
The excess pore water pressure turns out to be
2n - o sinasina[ 2 1 d214 -] (6.7)S=2n snasinaXexp- 2tda I4 - 2 e (6.7)
7ra a2 dz 2
where,
14 = YJ MT(V 2cos(aVz) + (N - 2)Vsin(aVz)dV where,
z = depth
N = n(V 2 + 1)+ 1
At the surface (z = 0), the excess pore water pressure is zero for all time since
a pervious boundary is assumed. The excess pore water pressure is also zero at any
depth along the center of the strip (x = 0) due to the symmetry of the problem. The
excess pore water pressure under the edge of the strip (x = 1, z = 1) is given by,
-fi=l =d2n [6 sin2 a ,] (6.8)
x=,z= = 2  -a exp-tda I4 z=1+ 4m - exp-'6] (6.8)
where,
14m = Jj MT(V4cos(aV) + (N - 2)V'sin(aV)dV
6.3.1 Comparison Case
The case considered is idealized as a plane strain problem with finite dimensions.
This case is considered using a mathematical model as shown in Figure 6-11.
~4 bb- q = Load per-unit area
1 8b 1"DI
Figure 6-11: Mathematical model - shear consolidation
6.3.2 Finite Element Solution
The finite element model for the case considered employs 40 elements (an 8 by 5 mesh)
[see Figure 6-12]. The side surfaces allow only vertical displacements. The bottom
surface is impermeable, while the top surface as already mentioned is permeable for
the cases considered.
The comparison with the theoretical solution for surface settlement under the edge
of the strip is presented in Figure 6-13. Note that the solutions match quite well
for early times but the discrepancy grows with time. The error is mostly due to the
idealization of this infinite half space problem.
. b b q = Load per unit area
Figure 6-12: Finite element model - shear consolidation
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Figure 6-13: Surface settlements under the edge of strip (x=b,z=0)
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Chapter 7
Nonlinear Consolidation
Verification
7.1 One-Dimensional Case
We consider the same physical problem for this one dimensional case as in the linear
elastic analysis, except that we are analyzing the soil using the Drucker-Prager and
Mohr-Coulomb yield criteria,
v = 0.4
C = 0.0
a = 46.76degree
= 0.4737
ftk = k, = 410-
day
Eo = 13, 000psf
A constant external load of value 1,000 psf is applied on the top surface. Besides
comparing the numerical solution to the one obtained by Siriwardane and Desai [10],
we also compare the result with the one obtained by elastic analysis.
7.1.1 Comparison with the Solution of Siriwardane and De-
sai
Siriwardane and Desai obtained a solution, using a residual load approach, which
is a slightly different procedure than the tangential stiffness matrix approach used
here, although they should yield the same result [10]. Also, Siriwardane and Desai
used a critical yield method of plasticity, therefore some discrepancies between the
solution obtained in this thesis and the solution obtained by Siriwardane and Desai
must be expected. As shown in Figure 7-1, the numerical solutions obtained in this
thesis agree reasonably well with the solutions obtained by Siriwardane and Desai.
The linear elastic numerical solution closely agrees with the solution obtained by
Siriwardane and Desai and the numerical solution obtained using the Drucker-Prager
material model also fairly well agrees with the solution obtained by Siriwardane and
Desai. Figure 7-2 shows the solutions for the two plasticity models employed in this
thesis. The solution with the Drucker-Prager material model is sligthly closer to the
solution obtained by Siriwardane and Desai.
7.1.2 Linear Elastic vs. Elasto-Plastic Analysis
Comparing the linear elastic and Drucker-Prager elastoplastic numerical results, the
settlements from the two approaches do not differ significantly at initial time levels;
however, at larger times the plasticity approach shows significantly higher settlements
[see Figure 7-3]. The variation of excess pore water pressure with time for the
numerical results using linear and nonlinear analyses is compared in Figure 7-4. The
excess pore water pressure for the nonlinear case takes longer time to dissipate. A
similar behaviour is also noted in the solution by Siriwardane and Desai.
7.2 Two-Dimensional Case
In the two-dimensional case, we consider a transient loading in which the load varies
linearly up to a value of 10, 000psf at Tv = 0.07, and then it is constant, in order to
0.4
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Figure 7-1: Variation of settlement at the surface
Settlement variation - one dimensional case
Figure 7-2: Variation of settlement at the surface
Consolidation settlements at z/H=0.5 and z/H=1.0
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Figure 7-3: Variation of settlement at the surface
Figure 7-4: Variation of excess pore water pressure with time
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Figure 7-5: Mathematical model - elasto-plastic plane strain consolidation
simulate a more realistic condition. The case is taken from the paper by Siriwardane
and Desai, in order to compare the numerical result obtained in this thesis with a
numerical result obtained earlier. The finite element model for this case is shown in
Figure 7-5.
The comparison of settlements at different times between the numerical results
obtained in this thesis and the ones obtained by Siriwardane and Desai is presented
in Figure 7-6. In this comparison, the Drucker-Prager plasticity model is used. As
can be seen, qualitatively similar results have been obtained as reported by Siriwar-
dane and Desai, but considerable differences are obtained in the actual amounts of
settlement at specific time. A further investigation would be necessary to explain
these differences.
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Chapter 8
Conclusions
Attempts to improve the solution of consolidation problems have been pursued for
decades. One of the main reasons for the interest in the subject is that soil con-
solidation covers various aspects concerning our lives and the place we live in. The
difficulty lies in the fact that soil is a very complex system with nonlinear behaviour,
and various phenomena can still not be modelled accurately. Because of the impor-
tance of consolidation problems, there is much incentive for the improvement of the
solutions.
In this thesis we derived a mixed finite element formulation for the solution of
nonlinear consolidation. Mixed finite element formulations have been known to give
optimal predictions for almost incompressible media. The results of test cases consid-
ered in this thesis are compared to earlier reported theoretical and numerical solutions
and the comparisons show that the finite element formulation derived is effective and
robust. Thus the formulation provides a valuable approach to the solution of general
consolidation problems.
Based on the premise that the formulation, employing a linear material model
and elasto-plastic stress-strain models, has provided good approximations for some
problems of nonlinear consolidation, the mixed finite element formulation should be
developed further to cover other phenomena in consolidation such as creep, thermal
effects and two phase flows. With such improvements, more generality in modelling
consolidation problems would be reached and better approximations for general prac-
tical problems of consolidation can be expected.
Appendix A
Derivation of General Form of
Mohr-Coulomb Yield Criterion
A.1 General Form of Yield Criterion
The principal deviatoric stresses T', T2, T3 are given as the roots of the cubic equation,
t3 - J~t - J_ = 0
Noting the trigonometric identity,
3 1
sin3o9- sinO + sin30 = 04 4
And substituting t = rsinO into eq.( A.1) we have,
sin30 - sin - - = 0
Comparing eqn.( A.2) and eq.( A.3) gives
sin30 4J3
(A.1)
(A.2)
(A.3)
3v/3 J3
2 (J2)2 (A.4)
A.2 Mohr-Coulomb Yield Criterion
7 = C + T,tan(o)
which can be transformed into,
-T 3)COS( = C- (T + T2
T1 + T3 T1 -T3
- 2+ 2-sine
,2 2 szn
T1 - T3 = 2 Ccos¢ 
- (T, + T 3 )sin
noting that,
sin(O + v )
sirz(O)
sin(o±)sin(o + 7)
with T] > T 2 > T 3 and - < 0 < -. Hence,6 - 7- 6
2w 4r( sin( + ) - sin(O + -)) = 2Ccos53 3(2(J2) 2
(sV3 (O--
2) + 4
3 ( 3
( 2cos(O + - ) - sinr(- )) = 2Ccos/
)cos()) + si7) Co(-)) +
J(cos - sinOsino) 
- Ccoso
1-
2 1
(A.5)
T 1 - T3 inan2 .irn)tan5 (A.6)
(A.7)
(A.8)
+
I)
1
iJ
2(J2J)
v/3
2(J2) 2
_T3
(A.9)
t+Atf MC J 1Si =3 J sin# -
(A.10)
(A.11)
2 /( J2' -2
2() (2sin(o +
2 J}+ 3 sino
Appendix B
Effective Stress Function for
Elasto-Plasticity
An algorithm, called the effective-stress-function algorithm, quite widely used for
elasto-plasticity and thermal and creep effects is also employed in this thesis [1, 4].
In this procedure a governing equation based on the chosen effective stress, i.e. a
nonlinear equation which depends only on the effective stress, is solved and gives the
solution of the nonlinear response. The algorithm has been proven to be stable and
accurate.
Here we include the derivation of the effective-stress-function algorithm for the two
plasticity models used in the thesis, i.e. the Drucker-Prager and the Mohr-Coulomb
plasticity models.
B.1 Effective Stress Function Algorithm Based
on Mohr-Coulomb Yield Criterion
B.1.1 Constitutive Relationship
t+atT' = E (t+AtE 
_t+At E' P) (B.1)
1 +t+At Vi
and,
t+AtE
t+AtT n  (t+AtEm _t+tt E)1- 2t+At -- E,)
We can rewrite the two equations as follows,
t+atT' = (t+A tE" 
-
A E,'
where.
t+at E " =t+At E' - E'P
1 t+AtE
aE 1 +t+At I
and,
t+AtTm 1 (t+AtE -
where,
t+atE"I 
_t+At Em t EP
1 t+-atE
a,, 1 - 2t-+Aty
AE )
B.1.2 Mohr-Coulomb Yield
IttfqA-IC= 3 Jsirq+ J2(C
Criterion
10osO 1 sizOsinO) 
- Ccoso (B.5)
The flow rule for associated plasticity gives,
(B.6)
Qtf MC atJ1
atJ1 OtT Satyf MC a2+ ty 2 tT
a J tT
atfyMC ato
OtO "OtT
at fMC
ate are evaluated as follows :
atO
where the three derivatives
tJ 1 '
atf Mc
(9ýiJ2/
1
3 sin
3
at fJ c
at J,
(B.2)
(B.3)
(B.4)
&tf MC
OtT (B.7)
AEP  at y MCOtTr
at fMCS-
aV t J2
1
sinOsino)
at f =MC
ate
and,
-(sine + -cososinq) )JF
atJT
atT
atT tT22 J~j
a0 -v 3 1
OtT 2cos3e (tJ)>
yT zT'
at J3
atT 2tj2 at J
where,
a j3
atT
tT1 tT  t 2
2t y xy
-2tT t xy
1
3
tJ~
tJ'2
0
For the incremental strain, we can write,
AE P = AE'P + AEPm
Separating the deviatoric from the total plastic strain results in,
at MC a t J
AEmp = A y
= tJ, atT
and for the deviatoric part,
AE'Pt MC aT
1
= A-sino.63
.+ aefat at0 o T
(B.8)
(B.9)
(B.10)
(B.11)
(B.12)
(B.13)
(B.14)
1 sinOsinr) tT }
32 T
+ A(sinO + 1 cos9sinr )tJ
[1 0 J3
(J T 8
3J3  tT'
(J2) 2 2Fj
ta = (cosO 
-
1  
+ (sin 
-sinesino + (sinO - 1 3 0/tJ3-cosOsino) 3
2cos39(t J2' i
and,
tb = (sinO + 1 1 at J3cosOsin.)( ) ) at2cos3 tJV t
Substituting these two equations into the constitutive equations,
t+tT' = 1 (t+atE" - A(tatT' +t b))
aE
Rearranging and performing the scalar product,
{t+atE" - A(tatT' +t b) . t+AtE" - A(tatT', +t b)
t+atTm = (t+atE"
am
1A-sino)3
Substituting this equation into the yield criterion,
t+atTmsin¢ + (t+at')(cosO - sinOsinq) - Ccos¢ = 0
and expanding we obtain,
- A sinq)sin¢3 + t+AtE , - A(tatT' +t b)} {. t+AtE" - A(ta'T' +t b)}
- Ccosb = 0 (B.22)
Using a bisection method, we can find the value of A, from which then we can obtain
= A (cosO -
2cos3O
Say that,
(B.15)
1
2 J
(B.16)
(B.17)
(B.18)
t+At-2 a'E
Note that,
(B.19)
(B.20)
(B.21)
11(t+AtE1
am
the value of t+AtT' and therefore also t+AtTm.
B.2 Effective Stress Function Algorithm
on Drucker-Prager Yield Criterion
B.2.1 Yield Function
The following is the yield function according to Drucker-Prager,
t+AtfyDP = ot+AtJ1 + - k'
where,
t+tiJ1 =t+At Tii
t+At 1 t++At. AtT
22 2 iZi ii
a, k are material propery parameters
if C=cohesion and O=angle of friction,
2sinO
v'3(3 - sinO)
6CcosO
V3(3 - sinO)
For perfect plasticity, C and 0 are constant.
B.2.2 Effective Stress Function
The constitutive equations are as follows,
t+AtT'- = (t+atE _t E" i - AEE )
aE
and,
t+AtTM = 1( t+tEm -' Era - AEm)
am
Based
(B.23)
(B.24)
(B.25)
(B.26)
According to the flow rule,
Ot+atQDP
AEP = A
OT
and for associated plasticity,
At+ZAtfDP
After the derivation, the following xpression is obt ined
After the derivation, the following expression is obtained
(B.27)
(B.28)
(B.29)t+AtT/lA ij
2 +
It is can be noted that,
AEP = A G
t+AtTlJ
Next, we have to evaluate or calculate the value of A, which for non-hardening material
can be achieved analytically,
where,
t+Atd2 _t+At Ei". t+ztEIiZ3. ij
Finally, we obtain
3oat+a
t
am
A = 't+td - 2aE t+At J (B.30)
E t+A - k'
S 2 aE
30Z2 1 (B.31)
am 2 aE
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Appendix C
Conversion Table
One apparent difference between Terzaghi's consolidation theory and the derivation of
consolidation procedure in this thesis is that the coefficient of permeability is defined
differently. Terzaghi stated the fluid flow as,
Q = -VP (C.1)
'Yw
while in our derivation the Darcy's flow is defined as,
Q = -VP (C.2)
This difference results in a difference coefficient of consolidation C,,. According
to Terzaghi, then, the coefficient of consolidation becomes,
co - (C.3)
while in our derivation,
kmVc
c -=- (C.4)
The second important point t  n ticeist a  the definition of coefficient of volume
The second important point to notice is that the definition of coefficient of volume
increase mvc according to Terzaghi is,
mv 1 + eo
while in our derivation,
(1 - 2v)(1 + v)
E(1 - v)
where,
E = Young's modulus for the soil skeleton
v = Poisson's ratio for the soil skeleton
The conversion can be summarized in tabular form as follows,
Terzaghi Our derivation Conversion factor
coeff. of permeability k = Qw k =VP VP
ave (1 - 2v)(1 + v) (1 - 2v)(1 + v)(1 + e)
coeff. of volume decrease mVc -= + = (I m- 2 )( (1 -Iv)(
1 + e- E(1 - v) E (1 - v)aae,
(C.5)
(C.6)
Appendix D
Derivation of Biot's
Three-Dimensional Consolidation
Theory
Consider the equilibrium condition without body forces :
Tij,j = 0 (D.1)
and the following equation for the total stress,
T, = AEkk 6, + 2pE2j - PNij (D.2)
Substituting equation ( D.2) into the equilibrium equation ( D.1) we get the following
results,
Tij,j = AEkk,jij + (uij + uj,i),j - P,i = 0 (D.3)
(D.4)Tij,j = Auk,ki + [A(Ui,jj + Uj,ij) - P,i = 0
Notice that Uk,ki = j,ij. Therefore we can write equation ( D.4) as,
Tjj= pui ,jj + (A + p )u,,,j- P,i (D.5)
and since,
(1 - 2v) (D.6)
We obtain,
G
i,jj + (1 - 2v) ,ji (D.7)
or,
GV2U + Ejji - P (D.8)
(1 - 2v) J,2 ,Z (D.8)
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